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Abst rac t - - In  this paper, sufficient conditions are established so that all bounded solutions of the 
linear system of difference quations 
N 
(--1)m+l Amyi(n) + E qijyj(n -- Tjj) = O, 
j=l  
m>l ,  i=  1 , . . . ,N  
to be oscillatory, where qij are real numbers and Tjj are positive integers. We shall also study the 
oscillatory behavior of all bounded solutions of the linear systems of neutral difference quations of 
the form 
N 
(--1) re'F1Arn (yi(n) "~ OJi(n -- 0")) q- E qiJYj(n -- T) = O, 
j=l  
m>_l ,  i=1  . . . . .  N, 
where c is real number and a and ~- are positive integers. (~) 2000 Elsevier Science Ltd. All rights 
reserved. 
Keywords - -D i f fe rence  quations, Linear systems, Neutral equations, Oscillation, Bounded solu- 
tions. 
1. INTRODUCTION 
In  th is  paper ,  we shal l  cons ider  the  l inear sys tem of dif ference equat ions  
N 
( - -1)m+lAmyi(n)  + Eq i Jy j (n - -  r j j )  = O, m > 1, i = 1 , . . . ,N ,  (1.1) 
j=l 
where  qij are real numbers  and Tjj are pos i t ive integers,  A is the  f i rst -order forward di f ference 
operator ,  i.e., Ay(n)  = y(n + 1) - y(n) and Amy(n)  = Am- l (Ay(n) ) ,  m > 2. 
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We say that a solution y(n) = [yl (n) , . . . ,  yN(n)] T of (I.I) oscillates if for some i E {1, . . . ,  N} 
and for every integer no > 0, there exists n > no such that yi(n)yi(n + 1) < 0. A solution 
y(n) of (1.1) is said to be nonoscillatory if there exists an integer no > 0 such that for each 
i = 1 , . . . ,N ,  yi(n) ~ 0 for n > no. 
The oscillatory behavior of difference quations has been the subject of numerous investigations. 
For a recent survey of results, we refer to the books of Agarwal [1], Agarwal and Wong [2], and 
GySri and Ladas [3] and references therein. 
We note that thecontinuous analog of (1.1) is the system of functional differential equations 
N d m 
d-~y i ( t )+~-~qi jy j ( t - -T j j )=O,  m>_l ,  i= l , . . . ,N ,  (1.2) 
j= l  
where qij and Tjj are real numbers, and Tjj > 0. The oscillatory property of this system for 
the case m = 1, has been discussed extensively by Gopalsamy [4], Gopalsamy and Ladas [5] and 
Gy6ri and Ladas [3], and for m _> 1, see the recent work of Agarwal and Grace [6] and Grace [7]. 
Thus, our results in the present paper are the discrete analogs of some of the known results 
for (1.2). 
In Section 2, we shall establish sufficient conditions for the oscillation of (1.1), and investigate 
the oscillatory behavior of the neutral system of difference quations of the type 
N 
( -1 )m+lAm(y i (n )+cy i (n -aa) )+~-~qi jy j (n - r )=O,  m> l, i=X, . . . ,N ,  (1.3a) 
j= l  
where c and qij are real number, a = +l ,  and a and T are positive integers. 
2. MAIN  RESULTS 
The following result provides ufficient conditions for the oscillation of all bounded solutions 
of (1.1). 
THEOREM 2.1. In system (1.1), let qij be real numbers and rjj be positive integers. I f  every 
bounded solution o£ the equation 
(--1)m+lAmz(n) + qz(n -- T) = 0 (2.1) 
oscillates, where 
q= min qii [qji[ >0 and r= min {T/i}, (2.2) 
l< i<N l< i<N 
j= l , j¢ l  
then every bounded solution of (1.1) is oscillatory. 
PROOF. Suppose that (1.1) has a nonoscillatory, bounded, and eventually positive solution 
y(n) -- [y l(n), . . .  ,yg(n)] T. There exists an integer no >_ 0 such that yi(n) > 0 for n _> no, i = 
1, . . . ,  N. If we let 
N 
w(n) = yj(n), 
j= l  
then 
N N N 
( -1)m+lAmw(n) = - ~-~qiiyi(n - rii) -- ~ ~ qijyj(n -- Tjj) 
j= l  i=l  j= l , j# i  
N N 
<_ - ~ qiiyi(n - rii) + ~ ~ Iqjilyi(n - rii). 
i= l  i= l  j= l , j~ i  
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It follows from the above inequality that 
or  
yi(n - Tii) <_ 0 
(--1)m+lAmw(n) + q yi(n -- Tii <_ O, for n k nl > no. (2.3) 
Prom the boundedness, nonoscillation, and eventual positivity of y l (n ) , . . . ,  yg(n) ,  we see that 
w(n)  is bounded and eventually positive. Prom the fact that ( -1 )m+lAmw(n)  G 0, eventually 
and by the well-known Kiguradze's Lemma [1, p. 29], the sequence {w(n)} is eventually decreasing 
and satisfies 
( - -1)kAkw(n)  > 0, eventually, k = 0, 1 , . . . ,  m. (2.4) 
Thus, we conclude that yi(n) converges as n --+ oc, i = 1 , . . . ,  N. We let 
lira yi(n) = ai > O, i = 1, . . . ,N .  
n---*OO 
We claim that ai = 0, i = 1 , . . . ,N .  If not, then there exists an integer nl > to + r* where 
T* = maxl<i<g{Ti i} such that 
OL i 
yi(n - Tii) >_ -~, for n > nl + r*. 
We have from (2.3) that 
N 
( - -1 )m+lAmw(n)<_- - (2q)Eo~i  , fo rn>_n l+r* ,  
i=1  
which leads to 
(--1)m+lim-lw(n) ~ (--1)m+IAm-lw(?Tlq-T*)-- ( lq )  QkOQ)  
implying that ( -1 )m+lAm- lw(n)  can become negative for all sufficiently large n; but this is 
impossible. Thus, we have ~g=l  ai = 0, and hence, ai = 0, i = 1 , . . . ,  N. 
Thus, 
lim yi(n) = 0, i = 1 , . . . ,N  
7l--'+OO 
and hence, 
lim w(n) = O. 
n-"+ OO 
Summing both sides of (2.3) from n > n2 > nl + r* to K > n repeatedly and letting K -+ 0% 
we get 
w(n) >_ ~ "'" Z q y~(jm - T.) 
jl=n j2=jt jm=j . . . .  1 i=1  
=Zq ... ~ y~(~m--.)  
i=1  Jl=n J = 1 J,,~=J,,~-I 
) = Eq . . . .  Z y~(Jm) 
i=1  \j=n--rii j2=jl--vli jm=jm-l-ril 
>- E E ' E 
i=1  j=n--r j2=Jl--r jm=jm_l--r 
~J1  =n J2=31 jm=jm--1 
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or  
w(n) >= ... W(jm - v , n > n3 >_ n2, (2.5) 
Jl =n J2=Jl J ,~=J~- I  
where n, is sufficiently large and {w(n)} is a decreasing positive sequence which tends to zero as 
n ~ c~. Then by Lemma 5 in [8], we conclude that the equation 
\ j l  =n J~=jl jm =jm-  1 
has a positive solution {z(n)} for n > n3. It is now easy to see that {z(n)} is also a positive 
bounded solution of the equation 
( -1)m+lAmz(n)  + qz(n - T) = O. 
This contradiction to our hypothesis completes the proof. 
REMARK 2.1. It is known [8] that all solutions of (2.1) are oscillatory provided 
mint  T 
q > (m + 7,m+ ~ . )  (2.6) 
Thus, in view of Theorem 2.1, the following corollary is immediate. 
COROLLARY 2.1. Let q and T be as in (2.2). I f  condition (2.6) holds, then all bounded solutions 
of (1.1) are oscillatory. 
EXAMPLE 2.1. Consider the system of difference quations 
(-1)m+l Amyl(n) + 2yl (~-~- )  - y2(n -  m) = O, 
( -1)m+lAmy2(n) - yl (~- - )  + 2y l (n -  m) = O. 
(2.7) 
All conditions of Corollary 2.1 are satisfied, and hence, all bounded solutions of (2.7) are oscilla- 
tory. 
Now, for equation (1.3a), we state and prove the following results. 
THEOREM 2.2. Let qij be real numbers, T and ~ be positive integers, and 0 <_ c < 1 be a real 
number. If  every bounded solution of the difference quation 
(-1)m+l AmV(n)  + q(1 - c)V(n - T) = 0 (2 .8 )  
is oscillatory, where q is defined in (2.2), then every bounded solution of (1.3, -1)  is oscillatory. 
THEOREM 2.3. Let qij be real numbers, T and a be positive integers uch that "r > or, and c > 1 
is a real number. If  every bounded solution of the difference quation 
1 
u(n  - O - = (-1)m+l/v"u(n) +q - -7  0 
/ 
(2.9) 
is oscillatory, where q is defined in (2.2), then every bounded solution of (1.3,1) is oscillatory. 
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THEOREM 2.4. Let qij be reaI numbers, T and a be positive integers, and 0 < c* = -c  < 1 be a 
real number. If  every bounded solution of the difference quation 
('l)m+lAmW( ) + qW(n  - T) = 0 (2.10) 
is oscillatory, where q is defined in (2.2), then every bounded soIution of (1.3,1) is oscillatory. 
PROOF OF THEOREMS 2.2-2.4. Let y(n) = [y l (n) , . . . ,yN(n)]  T be a nonoscillatory, bounded 
eventually positive solution of (1.3a), a -- =kl. Then, there exists an integer no _> 0 such that 
yi(n) > 0 for n > no, i -- 1 , . . . ,N .  We let 
N N 
z(n) = EY i (n )  + cEy i (n  - aT) (2.11) 
i=1 i=1 
and again w(n) = ~-~=1 yi(n). Then, 
N N 
( -1)m+lAmz(n) + E E qijyj(n - T) -~ O. 
i=1 j= l  
Further, as in Theorem 2.1, we have 
( -1)m+lAmz(n) + qw(n - T) <_ O, for n _> nl > n0, (2.12) 
where q is defined in (2.2). Clearly, {z(n)} and {w(n)} are positive and bounded sequences, and 
( -1)m+lAmz(n) <_ O, for n _> nl. (2.13) 
Thus, as in Theorem 2.1, we find that limn-~oo z(n) = 0 and {z(n)} satisfies 
(--1)kAkz(n) > 0, eventually for k = 0, 1 , . . . ,  m. (2.14) 
Using this fact, we see from (2.11) that if a = -1  and 0 < c < 1, then eventually z(n) = 
w(n) + cw(n + T), and hence, 
w(n) = z(n) - c~w(n + T) = z(n) -- c(z(n + T) -- cz(n + 2T)) >_ (1 -- c)z(n) (2.15) 
and if a= 1 andc>l ,  then 
w(n) = l (z(n + T) -- w(n + T)) 
= l z (n  + r ) -  ~(z (n  + 2T) -  w(n + 2r)) (2.16) 
> (~)z (n+T) .  
Next, we consider the case when a = 1 and 0 < c* = -c  < 1. Clearly, {w(n)} is bounded 
and eventually positive. Since (2.13) holds, we find that {z(n)} is either eventually positive or 
eventually negative. If z(n) < 0 eventually, there is a sequence {nk} such that limn~oo nk = oo 
and limk--.c¢ w(nk) = limsupn_.oo w(n). Without any loss of generality, we assume that {w(nk 
--r)} is convergent. Then, 
0> lim z(nk) > l imsupw(n)(1 --c*) > 0, 
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and hence, we conclude that  z(n) < 0, eventually is impossible. Thus, as in Theorem 2.1, we 
have limn-.o¢ z(n) = 0, and (2.14) holds eventually, and 
z(n) < w(n), eventually. 
From the above, we have the following. 
(I) Suppose a = -1  and 0 < c < 1. From (2.12) and (2.15), we obtain 
(-1)m+l Amz(n) + q(1 - c)z(n - T) < O, eventually. (2.1s) 
(II) Suppose a = 1 and c > 1. From (2.12) and (2.16), we have 
(--1)m+l Amz(n) + q (~21)  z (n - - (T - -a ) )  _<0, eventually. (2.19) 
(III) Suppose a = 1 and 0 < c* = -c  _< 1. From (2.12) and (2.17), we find 
(-1)m+l Amz(n) + qz(n - T) < O, eventually. (2.20) 
The rest o f the  proof is similar to that  of Theorem 2.1. 
The  following corollaries are immediate. 
COROLLARY 2.2. Let qij be real numbers, T and a be positive integers, 0 < c < 1 be a real 
number, and 
mint ~" 
(1 - c)q > (m + "r) m+r'  (2.21) 
where q is defined in (2.2), then every bounded solution of (1 .3 , -1)  is oscillatory. 
COROLLARY 2.3. Let qij be real numbers, T and a be positive integers uch that T > a, c > 1 
be a real number, and 
q > (m + T -- a) m+~-a' (2.22) 
where q is defined in (2.2), then every bounded solution of (1.3,1) is oscillatory. 
COROLLARY 2.4. Let qiy be real numbers, T and a be positive integers, 0 < c* = -c  < 1 be a 
real number, and condition (2.6) holds. Then every bounded solution of (1.3,1) is oscillatory. 
EXAMPLE 2.2. Consider the system of difference quations 
( -1 )m+lA  m (yl(n) + cyl (n - aa) ) + 2yl(n - m) - y2(n - m) = O, 
(--1) m+lAm (y2(n) + cy2(n - aa) ) - yl(n - m) + 2y2(n - m) = O, 
(2.23a) 
where a = +l ,  a is a positive integer. 
One can easily conclude the following. 
(i) If 0 < c < 1 and (1 - c) > (1/2) 2m, then all conditions of Corollary 2.2 are satisfied, and 
hence, all bounded solutions of (2.23,-1) are oscillatory. 
(ii) I f c> l ,  m>a,  and 
> (2m-a)  2m-~ ' 
then all conditions of Corollary 2.3 are satisfied, and hence, all bounded solutions of 
(2.23,1) are oscillatory. 
(iii) If -1  < c < 0, then all conditions of Corollary 2.4 are satisfied, and hence, all bounded 
solutions of (2.23,1) are oscillatory. 
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